INVARIANT SUBSPACES AND THE Cy)-PROPERTY OF BROWNIAN
SHIFTS

NILANJAN DAS, SOMA DAS, AND JAYDEB SARKAR

ABSTRACT. We consider the restriction of Brownian shifts to their invariant subspaces
and classify when they are unitarily equivalent. Additionally, we prove an asymptotic
property stating that normalized Brownian shifts belong to the classical Cyp-class.
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1. INTRODUCTION

Let 0 > 0 and 6 € [0,27). The Brownian Shift of covariance o and angle 6 is the
bounded linear operator B, o : H> ® C — H* @ C defined by

S o(l®1l
Ba,e“’: |:0 (eie ):|7

where S : H? — H? is the shift operator on H? and H? denotes the Hardy space over the
open unit disc D = {z € C : |z] < 1}. Recall that S is the multiplication operator by the
coordinate function z, that is,
Sf=zf,

for all f € H? and H? is the Hilbert space of all Lebesgue square integrable functions
on the circle T(= dD) and analytic on D. Moreover, the operator 1 ® 1 : C — H? is
defined by ((1 ® 1)a)(z) = a for all @ € C and z € D. Brownian shifts were introduced
by Agler and Stankus in the context of m-isometries [1, Definition 5.5]. These operators
are related to the time-shift operators associated with Brownian motion processes.

Determining the lattice of closed subspaces that are invariant under a given bounded
linear operator is always an interesting problem. When the underlying operator is sim-
ple—particularly for naturally occurring operators—the problem becomes even more in-
triguing. In the case of the Brownian shifts, Agler and Stankus resolved [1] the invariant
subspace problem by following Beurling’s approach [2]. They proved that for a nonzero
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closed subspace M of H?> @ C, M is invariant under B, .o if and only if it admits one of
the following representations:
M = pH* @ {0},

or

Mzcm ® (pH* @ {0}).

where ¢ € H*® is an inner function with the condition that ¢(e') exists, and

g(z)=0c <%> (z € D).

z — e

Following Agler and Stankus, we call the former invariant subspace Type I and the latter
one Type II. We also call them the canonical representations of the invariant subspaces of
B, .io. Here, H* denotes the space of all bounded analytic functions on ID. Recall that
a function g € H* is called inner if |g(z)| = 1 almost everywhere on T (in the sense of
radial limits).

Therefore, the lattice of invariant subspaces of a given Brownian shift operator is pa-
rameterized by inner functions in the Type I case, and in the Type II case, by inner
functions satisfying a constraint on the existence of a boundary value at T corresponding
to the given angle of the Brownian shift.

In this paper, we take the Agler-Stankus invariant subspace result to the next natural
step. Specifically, given a pair of closed subspaces M and M, of H?®C that are invariant
under the Brownian shifts B, s, and B,, .., respectively, we consider the restriction
operators B, o |pm, and B, .iss|ar, on My and My, respectively, and determine when
they are unitarily equivalent. One of the main results of this paper states the following
(see Theorem 2.1): There exists a unitary operator U : M; — M, such that

UBal,eigl |M1 = Bag,ei92 |M2U7
if and only if either (i) M; and My are Type I, or (ii) M; and My are Type II and
91 = 027

o _ [1+]al?
03 L+ {lgal?’

M, =C {‘qf} & (p;H? @ {0}),

and

where

is the canonical representation of M, j =1, 2.

Given such a pair of invariant subspaces M; and M, as above, we say that M; and
My are unitarily equivalent if there exists a unitary operator U satisfying the above
intertwining relation. Similarly, one can define unitarily equivalent invariant subspaces of
the shift operator on the Hardy space, the Bergman space, the Dirichlet space, and many
more. Invariant subspaces of the shift on H? are always unitarily equivalent, whereas
they are never unitarily equivalent for the Bergman or Dirichlet spaces [8]. From this
perspective, the Brownian shift exhibits a mixture of invariant subspaces—a property that
is highly distinctive compared to other classical operators (see the examples in Section 4).
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Additionally, we will soon see in (1.1) that these operators are rank-one perturbations of
an isometry. We will further comment on these observations at the end of this paper.

Now we turn to an asymptotic property of Brownian shifts. Let T be a contraction on
a Hilbert space H. We say that T is pure, denoted by T" € C', if

SOT — lim T = 0.
m—0o0
Furthermore, we say that T satisfies the Cyp-property, which we simply write as T" € Cyy,
if both 7" and T™ are pure.

Operators in class Cy or Cyg are of interest. The asymptotic property is often useful in
representing these operators [7]. Examples of operators in Cy include strict contractions.
Moreover, any operator can be scaled by a scalar so that the resulting operator belongs
to Cyo. However, scaling an operator is not always a desirable method for revealing
its structure. In our present context, we first prove that Brownian shifts are not power-
bounded and, hence, in particular, are not even similar to contractions. Next, we highlight
a peculiar property of Brownian shifts: namely, we prove in Theorem 3.2 that for any
covariance o > 0 and angle 6 € [0, 27), the normalized operator

1

———B_ 6 € Cy.
“Bo-’eiﬂ H o,e 0 00

There are many reasons to study Brownian shifts, as also pointed out by Agler and
Stankus in their paper [1]. For instance, Brownian shifts play a crucial role in under-
standing the structure of 2-isometries, a notion introduced by Agler decades ago (cf. [5]).
We refer the reader to [1] for representations of 2-isometries and to [6] for some recent
developments. In addition, we highlight that a Brownian shift can be thought of as a
rank-one perturbation of an isometry. Indeed:

B, .o = B+ R, (1.1)
where
S 0
5o 1]
is an isometry, and
10 o(1®1)
R= [O e —1 } ’

is a rank one operator on H? @ C. The theory of perturbed operators and their invariant
subspaces is certainly of interest. From this perspective, the result of Agler and Stankus
on the invariant subspaces of Brownian shifts is particularly notable. Subsequently, the
present work aims to shed new light on the general theory of operators and functions for
Brownian shifts.

The paper is organized as follows. In Section 2, we present a complete description
of unitarily equivalent invariant subspaces of Brownian shifts. In Section 3, we prove
that normalized Brownian shifts are always in Cyy. In the final section, Section 4, we
illustrate our results with some concrete examples and point out that Brownian shifts are
irreducible.
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2. UNITARY EQUIVALENCE

Recall that the nonzero invariant subspaces of S in H? are given by @H?, where ¢
runs over all inner functions from H* [2]. Given a pair of S-invariant subspaces yp; H?
and ¢, H? for some inner functions ¢y, ps € H>, we consider the restrictions S|y, z2 and
S|ppm2 of S onto o1 H? and o H?, respectively. It is now easy to see that there exists a
unitary operator U : o, H? — @ H? such that

US|y 12 = S U.

In short, we denote such a unitary equivalence property as

S|¢1H2 = S|@2H2.

Therefore, as far as operators are concerned, restrictions of S on its invariant subspaces
do not yield anything new. This prompts the question of distinguishing the restrictions
of Brownian shifts on their invariant subspaces. We remind the reader that the invariant
subspaces of Brownian shifts are also described by inner functions. For Type II invariant
subspaces, these inner functions must additionally attain values at points on the circle
corresponding to the given angles of the associated Brownian shifts. Also, recall that
given a Type II invariant subspace M of a Brownian shift, the canonical representation
of M, as given in the introductory section (Section 1), implies that the function ¢ is in
K, where

K,=H*© oH?
is the model space [7]. This yields the useful relation
gL pH%
We now investigate the unitary equivalence of the invariant subspaces of Brownian shifts.

Theorem 2.1. Fiz angles 01,05 € [0,27) and covariances 01,09 > 0. Let My and My be

nonzero closed invariant subspaces of the Brownian shifts B, .o, and B, i, , Tespectively.
Then

o1,€ g2,e

B 161 ‘

o1,e

M, = Baz,e“’Q |M2’
if and only if any one of the following conditions is true:
(1) Both My and My are Type I.
(2) Both My and My are Type II, along with the facts that
91 = 927
and

o3 (L+ 91ll") = o7 (1 + [lgal®),

where M; = C {gf} @ (p;H? ® {0}) is the canonical representation of M;, and

—
g; =0y (—(pj(e J)[‘;;_j_1> fO?"j = ].,2

2
z—e
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Proof. Let us start with the proof of the “if” part. Provided that condition (1) holds, we
assume M; = pH? @ {0} and My = ¢ H? & {0} for some inner functions ¢ and ¢ from
H* and consider the unitary operator U : M; — M, defined by

oh| _ |Yh
v 3= 1%
for all h € H?. Then

_ oh| 1S o2(1®@1)| [Wh| _ [zh| .. |zph| ~|ph
ool 2|0 )]

which implies B,, .o, ‘ M BU27ei02| My This part is the same as the equivalence of

invariant subspaces of S on H?. Next, we assume that (2) is true. Set
0 =061 =10,
and define p,, € T as
He; = M7
for j = 1,2. Define a linear operator U : M; — My by

h h
U <Cllu‘§01 {goé } + C2072 [911]) = Ciflyp, [@8 } + 201 {gf} ,

for all h € H? and scalars ¢i,co € C. It is evident from the construction that U is
surjective. Moreover, as 05(1 + [|g1||?) = 02(1 + [|g2||*), we have

92

1

h ? nl|?
C1 gy 72 + c201 92 = 101‘2 2 "’U%’CQ‘Q
0 1 0
= let* 2] + oflea*(llg2]l* + 1)
= larPlAl1* + ozleal*(lga]l* + 1)
h g ?
o i v ]
This implies that U is an isometry, and therefore, is a unitary operator as well. For

notational simplicity, set
h
F = C1 by |:SO(1) :| “+ Cco09 |:%{| .

2

We observe that

S o(l®1 h
B,, o UF = {0 Q(Gie )] <Clﬂg02 {SOS } + a0 {912})
h +
= Cifllyp, [z% } + o0y [Zg2€ie 02}

h ) _ 0
= C1flyp, {2%2 ] + cy0q (6“9 {gﬂ + [(Z € 392 + UQ]) )

At this point, we recall the representation of g;:

o, 05 — 1

- 62’9j
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where p1,, = @;(e?) for j = 1,2. This yields

(2 — €”)g; + 0 = 0jpg; 05,
for j = 1,2. Therefore, we have

B et UF = 11 [2%2}1} T €201 (62'9 {gf} + {02”82¢2})

o] |
=U (cluw1 Z%l + ce o [gﬂ + o0 {02“61%})

i h- ) _ 0
=U (Cl,wpl Z%l + 209 (619 {911} + [(z ‘ ())91 +01}>>

[ 21k zg1 +o
ZU(CWW %1 + 209 { gleie 1D

= UBm,ei@ (Clﬂm Sp(l)h‘| + C202 |:911:|) )

that is, B,, .oUF = UB,, .»F, which again ensures that Bo.heiGl‘Ml = B, citn| py,-

Conversely, let us start by showing that if we assume, without loss of generality, that
M = H? ® {0} is Type I and My =C {‘ﬂ @ (vH? @ {0}) is Type II, for certain inner

functions ¢ and v, then B, .o, } My and B,, .0, | M, Are not unitarily equivalent. Indeed,
if it is not true, then, in particular, we will have the norm identity

R o L |

-1

However, for any h € H?, we have

e 3] =

that is, HBm,ewl ‘/\/h H = 1. On the other hand, we have
J|° 29+ o] | 2 2 qal’. Al
N [ A o
and hence
HBMMM ) > 1,

which leads to a contradiction. Therefore, M; and My must be of same type. It is
therefore enough to assume that both M; and M, are of Type II. Consider the canonical
representations of M; as

M;=C {gf} @ (o H* ®{0}),

where p; € H* is an inner function, and g; = o; (%) for j = 1,2. Also suppose

U: M; — M, is the unitary operator satisfying the intertwining relation
UB,. . =B U.

01,61 | pq, 02,02 ‘MQ
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(L4 llgll*) = la* (1 + [lgall*) = [[ha]f*.

Let
gl _
]3] -
for some hy € H? and a € C. As ||U {gd
that
Ik
lolt+ 1= 752 e
that is,
Also, since

Bo.l,eiel |:

911 _ [291 + o1

pahs go
1]
2
= |lg1]I> + 1 and [[@2hs|| = ||h2||, it follows

4

2
= ||ho|l? + [o? (1 + [|g2]?) ,

(2.1)

|\

eiel

1

and ||zg1 + 01| = ||g1]|* + o (as 01 € C, zg; € zH?, and C L zH?), we have

2 2
zZg1+0
o8 (5] =[] = ol o 1
Then, UB,, .0 |M1 = B,, ¢t ‘MQU implies
7112
MW+ﬁ+h=&Mdﬂ?
so_h e\ |
| (15 0 2]
20ha ||? 2go + 0o ] ||’
|5 ]

|hall® + | (||g2]|> + 03 + 1) .

As we already know from (2.1) that 1 + [|g1]|* = ||h2||* + |a|? (1 + [|g2]|*), we conclude

2
03

= |a|?c3. (2.2)

As {SOthl € Mo, there exist h; € H? and scalar 8 such that

0

« |p2ha] o1l g1
o [ = 70 s )
Since
hol |7
ol = latal? = o [ 722) |
we conclude that
2 2
h
WW:M%ﬂ “W[ﬂ = [l + 181 (1 + llga )
On the other hand,
holll? BTl . PRIE
||h2||2 = ||2902h2||2 = |:ZSOS 2:| - ‘Bomewg |:9020 2:| — HB02731'92 UU |:(p20 2:|
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=B M2U and the representation of

20102 |

Then by the intertwining relation UB,;, i, | M,

U [@2%] above, we have

0
2
h
bl = 0B, (175" +5[4])]

3 _
= Bol’eiel {9010 1] + Bal’ewlﬁ |:911

_ zp1hy 2
o 0

+ |6/

= [l* + 18 (lgall* + o7 + 1) -
Combining this with [|hs]|? = ||h1||* + |B]? (1 + |lg1|?), we obtain

201 + 04
ei01

B =0,
and hence, the action of U* on the vector {¢2()h2} reduces to U* {szth] = {%Ohl], and

consequently
orhi|  |p2ha
o =[]

As a result, the identity U {911] = [9020@} + « {gf] implies
U

-]l

G —piha| _ |92
ot el
Recall that g1 € K, (the model space corresponding to the inner function ¢y in H*).

Then @1y € K, = ¢ H? yields

lgr = erhall® = lgall* + lorhaI* = llgall* + 1 [1%,

g2
1
L+ g lP? + [[7a]]? = [ (1 + [lg211?).

But, by (2.1), we know that |a|*(||g2||* +1) = ||g1]|* — ||h2||* + 1. Therefore, ||hy]|* +
|h2||* = 0, yielding that

that is,

and so
2

= |af?

2

)

— @1h
L+ flga 12 + 1 = HU [91 P }

which implies

hl - hg - O
The identity (2.1) then changes to (1 + [|g1]|?) = |a|*(1 + ||g2/|?), and then, (2.2) yields
the desired identity
o3(1+ [lgull*) = o7 (1 + [lg2]1*)-
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It remains to show that 6, = 6. First, we use the intertwining property UB
B_. o, MQU to observe that

02,e
g x| g g
<Bal,ei91 |i11:| ’U [12}> — <Bag,ei92U |:11:| : |:121 > .

As U {gﬂ = [921, we have U* {92] =

o1,e1 | Ay

Q=

1 1
consequently, the above identity implies

L] )=o) )

which is same as saying

ol 1 A R B Pl Ol 1 A S i R i

Again, recall that

{911} (we already know that a # 0), and

(z—€%)g; + 05 = 045,05,
for y = 1,2. Then

(o] +[52] [o) = e G [+ [ 1)
] 4l

e (1+llgnll?) = e lal(1 + llga]*)-

As we already know that (1 + ||¢g1]|?) = |a|?(1+||g2|?), we conclude that ¥t = 2. Since
01,05 € [0,27), we finally conclude that 6; = 0. O

and so

2
ei¢91 — ei92 |Oé|2

)

that is,

Therefore, in contrast to the shift operators on the Hardy space, the invariant subspaces
of the Brownian shifts lead to different operators. In the final section of this paper, we
will illustrate these results with concrete examples.

3. ﬁBa,em € Coo

The aim of this section is to prove that Brownian shifts, when scaled by their reciprocal
norms, belong to Cyg. Scaling an operator by its reciprocal norm does turn it into a
contraction, but does not necessarily place it in the class Cyp (nor even C.y). Simply
consider a unitary operator or the shift. This is where Brownian shifts exhibit different
behavior.

We first prove that Brownian shifts are not even similar to contractions, and we establish
this by showing that they are not power-bounded. Recall that a bounded linear operator
A acting on a Hilbert space H is said to be power bounded if the sequence of real numbers

A3
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is bounded. It is evident that any bounded linear operator similar to a contraction is
power bounded; however, the converse is far from being true. Let us fix a Brownian shift

B, .is. Observe that
0] (S o(l®D)]||0] |0
e ] = 5 7 B - ]

In general, by the principle of mathematical induction, we conclude that

m—1 ik = k—1
™ H = {U Lo © 2 } : (3.1)

e’

for all m > 1. Using the norm of functions in H?, we conclude that

2
k0 M= k—1

o ! i 9

[ D k= Oe'me } =1+ mo”.

As

[(1)] H =1, it follows that

2

||B =1+ mo* = oo,

o, et0

> e ]

as m — oo. This proves the following:

Proposition 3.1. B, .0 on H*> ® C is not power bounded.

This in particular shows that B, .o is not similar to contractions. However, the following
is true:

Theorem 3.2. B, o € Coo for all o >0 and 0 € [0, 27).

__1
1B, ol

Proof. Let us begin by computing the norm of B, .». For any [i] € H? ® C with unit

norm || f||* + |a|*> = 1, we have, in particular, that |a| < 1. Moreover,

oo (0] =1
’ «

o
and equality occurs for f = 0, = 1. Therefore, we have the norm of B, .io as

=+V1+ o2

2 2
= [lzf +oal’ +|af = 1+ 0%[a]* <1+ 07

I1B, o

Consequently, the operator
- 1

_—Boeia
V1402 7 ’

becomes a contraction on H? @ C. Pick u € H? @ C and write

° k
U = Co |:(1):| —|—ch+1 |:ZO:| S HQEBC,
k=0



INVARIANT SUBSPACES AND Cyo-PROPERTY 11

for some ¢, € C for k£ > 0. Making use of (3.1), a little computation reveals, for each

n > 1, that
2 1 o k 2
0 n z
= —272 COBO‘ it |: :| + Ck+1BO',ei9 |: :| ‘
(1+02) 1 Zk_o 0

1 O.Zn 1ezk€ n—k—1 n+k
= e o P +Z%ﬂ

HB”U

1 oS L (ikf yn—k—1 ontk] ||
= o | | Z Ly
2\n
(1+0?) e’ P 0
1 e¢]
- Ao lco2(1 + no?) +Z|ck+1|2> ,
k=0

and hence

’B”u

Pl b 2 (P ool
(1+o02)n ct\nn—-1 n-1

as n — oo. This implies that B* € C. On the other hand, we have

- 0 1 n 0 e—zn@ 0
B = ——=Biw || = ——= [1]
M <Hw%“4J u+ﬂw&}

for all n > 1. Moreover, if 0 < k < n, then

~ Zk 1 Zk 1 n—k 1 g n—k—1 0
B™ — B, = —— =B = ——B ;
{0} (1+02)2 s {0} (14023 7" M (14023 7" M

that is,

1 (1+0%)z |1

~ Zk 1 n Zk 1 Zkin
[0] (1+02)3 7 [0] (1+02)2 [ 0 ]
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Therefore, we have
2

_ n—1 0
%N 2 %N 0 %N Zk %N Zk
HB ull =|lcoB {1 —i—chHB {O}jLchHB {01
- k=0 k=n
1 n—1 0 (%s) Zkin
- = —inf —i(n—k—1)0
(I 1oo)" (coe +o g Cry1€ ) L} + ; Ch+1 [ 0 ]
1 n—1 2 e’}
_ —inb —i(n—k—1)8 2
1507 coe —l—achHe —l—;\cHﬂ
1 2
Sm( 1+n0' (Z’Ck| > +Z‘Ck+1’ )
2 + no?
<l
(1+0?)
< 2u|? 2 N o2
- ot \n(n-1) n-1)’
which tends to 0 as n — oco. As a result, B € C'y. This completes the proof. 0

As we have proved in the theorem above that ||B, .| = 1+ 02, it follows that
ﬁBg,ew € Coo. In particular, if M is an invariant subspace of B, .is, then the restric-
tion operator

1
V1+ o2

4. EXAMPLES

PML Bmeie

ML € Cl.

The purpose of this section is to illustrate the classification result, Theorem 2.1, using
concrete examples. We aim to specifically show that Theorem 2.1 indeed provides exam-
ples of unitarily as well as non-unitarily equivalent invariant subspaces of Brownian shifts.
We also prove that Brownian shifts do not have nontrivial reducing subspaces.

We will present two examples, and Blaschke factors will play a role in both of them.
For each a € D, the Blaschke factor b, corresponding to « is defined by

ba(2) =

for all z € . Blaschke factors are the simplest examples of inner functions.

Z—

1—az’

Example 4.1. For {a;, 2} C (0,1), consider inner functions ¢; = b, j = 1,2. Also,
for each 6,6, € [0,27) and 01,09 > 0, define g; € H? by

pi(2)p;(e) —1
gj(Z) =0y ’ > J_ 0

)

for j = 1,2. It is easy to see that

2 2

(1 — aje?) (1 — ayz)

)
o 1ozj

||2 2
g 2 _ A 2
1+ozj 204 COSHJ

g

||9]
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for 7 = 1,2. In particular, for the choice #; = 65 = 0, we have

1+ a;
2 = g2 4
Hg]H U] 1 —Oéj7

and therefore, a little computation reveals that o3(1+ ||g1||*) = o%(1 + ||g2||*) is satisfied,

provided we have
1 1 i 2(042 — Oél)
o o5 (1—a)(l—ag)

In particular, in view of Theorem 2.1, if the pairs {a1, as} and {01, 09} fail to satisfy the

above identity, then B and B,, 1 | M, Are not unitarily equivalent, where

0'1,1 }Ml
M =c %] @t e o),
for j =1,2.
In the following example, we bring a singular inner function with a single atom.

Example 4.2. For a € (0,1), consider the inner function ¢; = b,, and the other inner

function as
z+1
@2(2) = €Xp )

z—1
for all z € D. As usual, for each 01,6, € [0,27) and 01,05 > 0, define g; € H* by

p(2)p;(e?) — 1
gj(z) =0y ’ > ]_ i

)

for 5 = 1,2. Let us first assume 6; = 6y = 7. From the calculations of our previous
example, we know that

1—a? J R—
I = ot =0
1+ a? —2acosm 14+«

Now, we compute the norm of gy as

||91

exp () - 1
z+1

lga|* = o3

0 2
B o2 /271' exp <Zwﬂ> —1 »
0

o et +1

A straightforward calculation gives

. 2
ef 41 . .
exp (ew_1> -1 1 — cos (13130959) sin® (% cot g)

e? +1 B 1+ cosf cos? &

We put =z = %cot g, and change the variable from 6 to x to see

. 2
2m | exXp (ZZE) —1 27 gin? (l cot Q) ® gin? x
/ d&—/ #de—/ dr = .
0 0 -

e + 1 cos? g

o0

As a result,

lgall* =



14 DAS, DAS, AND SARKAR

and hence, the relation o2(1 + ||g1||?) = o3(1 + ||g2]|?) is satisfied under the condition
1 1 3a—1

0?2 o2 2(1+4a)
Therefore, in this case also, there is an abundance of examples of invariant subspaces of
Brownian shifts, both unitarily equivalent and non-equivalent.

We will close this paper with the following result, proving that B, . is irreducible.
Recall that a bounded linear operator A acting on a Hilbert space H is irreducible if there
is no nontrivial closed subspace of H that reduces A.

Proposition 4.3. B, .0 on H> @ C is irreducible for all angle 6 € [0,27) and covariance
o> 0.

Proof. Fix 6 € [0,27) and ¢ > 0. Let M be a nonzero closed subspace of H* @ C that
reduces B, 0. If possible, assume that M C H? & {0}. There exists a closed subspace
M C H? such that M = M @ {0}. Then M reduces S, and the irreducibility of S
implies that M = H2 However, considering the adjoint of B, ., it is evident that
M = H? & {0} cannot reduce B, 0. Therefore, we must assume that M ¢ H? & {0}.

There exists [ﬂ € M such that a # 0. Now, M being a reducing subspace of B, .is, we

[ / :| = B;eigBmeie |:£:| e M.

have

o’a + o

o) = [2] = ] <2

implies [(1)] € M (as o%a #0). Since B,z {ﬂ = |:€Oi-9:| € M, it follows that

pRIR

and hence, [(1)} € M. Therefore, for any n > 0 we have

:,62'9 {(1)} = |:ZO:| e M.

Consequently, M = H? @ C and this proves the theorem. O

Then

In closing, we remark that unitary equivalence or nonequivalence of operators arising
from natural operators defined on Hilbert spaces is a fundamental and decades-old prob-
lem (cf. [3, 4]). On one hand, it raises the question of defining new classes of operators
from invariant subspaces, and on the other, it analyzes the characteristics of these opera-
tors under consideration. For instance, as already pointed out, among known operators,
the shift on the Hardy space always yields unitarily equivalent invariant subspaces. At the
other extreme, the Bergman shift and the Dirichlet shift never yield unitarily equivalent
invariant subspaces [8]. We have now enlarged this list by observing that the Brownian
shift sometimes yields unitarily equivalent invariant subspaces and sometimes does not.
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This is particularly intriguing, as we have pointed out in (1.1) that a Brownian shift is a
rank-one perturbation of an isometry.
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